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Abstract: In this paper, the fractional integration problem of fractional rational functions is studied based on
Jumarie’s modified Riemann-Liouville (R-L) fractional calculus and a new multiplication of fractional analytic
functions. The main methods we used are the chain rule for fractional derivatives and the partial fraction method.
On the other hand, we give some examples to illustrate how to calculate fractional integrals of some fractional
rational functions. In fact, these results are extensions of the results in traditional calculus.
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I. INTRODUCTION

Fractional calculus is the theory of non-integer derivative and integral. However, the definition of fractional derivative is
not unique. Common definitions include Riemann Liouville (R-L) fractional derivative, Caputo fractional derivative,
Grunwald Letnikov (G-L) fractional derivative and Jumarie’s modification of R-L fractional derivative [1-5]. In the past
decades, fractional calculus has been widely used in continuum mechanics, quantum mechanics, electronic engineering,
fluid science, viscoelasticity, control theory, dynamics, financial economics and other fields [6-14].

In this paper, based on the Jumarie type of modified R-L fractional calculus and a new multiplication of fractional
analytic functions, the fractional integration problem of fractional rational functions is studied. The major methods used in
this article are the chain rule for fractional derivatives and the partial fraction method. In addition, some examples are
provided to illustrate our methods. In fact, these results we obtained are generalizations of those in classical calculus.

I1. DEFINITIONS AND PROPERTIES
Firstly, the fractional calculus used in this paper is introduced.

Definition 2.1 ([15]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

_ 1 d rx f(e)=f(xo)
(PO O] = r(1—a)Efxo —(x_t)a" dt . )

And the Jumarie's modified R-L a-fractional integral is defined by

(e FO] = — [ LYz, @)

I'(a) “Xo (x—-t)1~«

where T'( ) is the gamma function.

Proposition 2.2 ([16]): If a,B,x,, C are real numbers and § = a > 0, then

(oo D) [Cx = x0)F] = P (e = x0)P 7, 3)
and
(xDE)IC] = 0. (4)
Page | 14

Research Publish Journals



https://doi.org/10.5281/zenodo.6572879

International Journal of Mathematics and Physical Sciences Research 1SSN 2348-5736 (Online)
Vol. 10, Issue 1, pp: (14-18), Month: April 2022 - September 2022, Available at: www.researchpublish.com

In the following, we introduce the definition of fractional analytic function.

Definition 2.3 ([17]): Suppose that x, x,, and a,, are real numbers for all k, x, € (a, b), and 0 < a < 1. If the function

fo:[a, b] = R can be expressed as an a-fractional power series, that is, f, (x*) = Y= "m (x — x0)** on some open

interval containing x,, then we say that £, (x%) is a-fractional analytic at x,. In addition, if f,: [a, b] = R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional
analytic function on [a, b].

In the following, a new multiplication of fractional analytic functions is introduced.

Definition 2.4 ([15]): Let 0 < @ <1, and x, be a real number. If f,(x%*) and g,(x%) are two a-fractional analytic
functions defined on an interval containing x, ,

Fulx) = Nt (= 1) = N0 B (s = x)) ®)
92X = Do s (= 1) = X 2 (i o= x0)) ©)
Then we define
() ® g (x)
= S0t (6 = 20) ® Lo i O — x0)*
= 210 ey (Bineo () Beombin) G = 7). U
Equivalently,
fo(x®) ® go(x®)

1

= S B (i - 1)) @B (s e x0))

= Zic=o % (le:o (7]:1) ak‘mbm) (r(a+1) (= x)* ) ' ®)

Definition 2.5: Let f,(x%) and g,(x*) be two a-fractional analytic functions defined on an interval containing x,. If
£, (x9) ® g, (x%) = 1, then we say that g, (x%) is the & reciprocal of f,(x%), and is denoted by [ £, (x*)]®1.

Definition 2.6 ([18]): Suppose that 0 < a <1, and f,(x%), g,(x%) are a-fractional analytic functions defined on an
interval containing x,, ,

Fulx) = Dot (= 1) = 0 % (s = x)) (9)
®k
(&) = Do s (¢ = x)* = T 2 (g (& — %0)) - (10)
The compositions of f, (x%) and g, (x%) are defined by
o ®k
(fa ° ga)(xa) = fa(ga(xa)) = Zk:o% (ga(xa)) ) (11)
and
( ofa)(xa) = ga(fa(xa)) Zlio 0% (fa a)) (12)
Definition 2.7 ([18]): Let 0 < a < 1. If £, (x%), g, (x%) are two a-fractional analytic functions satisfies
(fa© 9 () = (g © fu) &) = s x™ (13)
Then f,(x%), g, (x*) are called inverse functions of each other.
Some fractional analytic functions are introduced below.
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Definition 2.8 ([18]): If 0 < a < 1, and x, x, are real numbers. The a-fractional exponential function is defined by

Ea(r®) = Sorims = So i (rix®) 14
a\X") = Zik=o [(ka+1)  “k=0p F(a+1)x ) (14)
And the a-fractional logarithmic function Ln, (x%) is the inverse function of E,(x%).

Next, we introduce fractional rational function.

Definition 2.9: Let 0 < a < 1, and ¢,,, # 0. Then

P (x®) = Tt 0 e = T C—k(—l x“)®k (15)
a k=0"k T(ka+1) k=01 \r(a+1) '

is called an a-fractional polynomial function of degree m. Furthermore, if P,(x%) and Q,(x%) are two a-fractional
polynomial functions, Q,(x%) # 0, then R (x*) = P,(x*)®[0Q,(x*)]® "1 is called an a-fractional rational function.

Theorem 2.10 (chain rule for fractional derivatives) ([18]): If0 < a < 1, x, x, are real numbers, and f,(x%), g,(x%)
are a-fractional analytic functions at x, . Then

(DS fa(9a(x))] = (PN faxD(9a(xD)) ® (1,D5)[ga(x™)]. (16)
I1l. RESULTS AND EXAMPLES
In the following, we obtain the main results in this article.

Theorem 3.1: Let p, @, x be real numbers, p > 0,x = 0,and 0 < a < 1. Then the a-fractional intregral

-1
(ol¥) [(F(;H) x® + p) ] =Ln, (F(;H) x%+ p) —Lng,(p) . (17)

Proof Since by chain rule for fractional derivatives,

(o02) [ine (i +2)] = (i< +#) 18)

It follows that the desired result holds. Q.ed.

Theorem 3.2: Suppose that p, a, x are real numbers, n is a positive integerm = 2,p > 0,x > 0,and 0 < a« < 1. Then
the a-fractional intregral

®-n ®(—n+1) (-n+1)
a 1 a N 1 a _p

( OIX) [(F(a+1)x + p) ] T on+1 (F(a+1)x p) -n+1 (19)

Proof Using chain rule for fractional derivatives yields
QR(—n+1) ®-n
a 1, 1 a _ 1 a

( ODX) [—n+1 (F(a+1)x + p) ] - (F(a+1) X"+ p) ’ (20)

Therefore, the desired result holds. Q.e.d.

Next, we give two examples to illustrate how to use Theorems 3.1 and 3.2 and the partial fraction method to calculate the
fractional integrals of some fractional rational functions.

Example 3.3: Let x > 0,and 0 < a < 1. Find the a-fractional integral

(01;3)[(7- Lox423) @ (x4 7t x“+10)®_1]. @1)

INa+1) ra+1) Ia+1)

Solution By partial fraction method, the a-fractional rational function
-1

(7- ! x“+23)®( 2 yayq. L x“+10)

I'(a+1) ra+1) I'(a+1)

= [+ (s +2)+3 (e + 9] @[ + )@ (e +3)]

=4-( ! x“+5)®_1+3-( ! x“+2)®_1. (22)

M'(a+1) I(a+1)
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It follows from Theorem 3.1 that

(i) | (7 e + 23) @ (™ + 7

®-1
ra+1) I'a +1)x T 10) ]

-1

® -1
= ( 01:?) [4 ' (r(a1+1)xa + 5) +3- (F(a+1)x + 2) ]

®-1 ®-1
=4- ( 0[,‘;‘) [(F(a1+1)x“ + 5) ] +3- ( olfcz) [(F(a1+1)xa + 2) ]

=4 [Lna (mm)x + 5) Lna(S)] +3- [Lna (

r(a+1)x +2) Lna(Z)]

=4-Lna(

x“ +5)+3 Lna( x® +2) 4-Lng(5) — 3 - Lng(2). (23)

T(a+1) [(a+1)

Example 3.4: If x = 0,and 0 < a < 1. Find the a-fractional integral

® -3
a Za
I )[ l"(2a+1) +10- I'(a +1)x +6) ®(2 F(Ol+1)x + 1) ] (24)

Solution Using partial fraction method yields the a-fractional rational function

(32.r(2;+1)x2a+10 I'(a +1)x +6) ®( r(a+1)x +1)®_3
®2 ®-3
=[4-(2 Trmt +1) —3-(2-F(a+1)x +1) +5] = +1)x +1)
=4-(2 F(M)x +1)®_1—3-(2-r(a1+1)x“+1)®_2+5-(2 F(M)x +1)®_3. (25)

It follows from Theorems 3.1 and 3.2 that

1“)[ 10 x4 6) ® (20 i +1)®_3]
= ()[4 (2 g +1)” -3 (2 )5( )|
=4 ()| + 1) |3 () (2 e+ ) |+ () (2 g+ 1)
=2 (o) | (reg e + )® T3 ()| + D))+ 2 o) [+ )
= 2-[tn, (i + D) ~ e ()] -3 [ (= +2)” +7+ 2[5 (e +d) +7]
= 2-tng (x4 ) + 3 (e +D). (et 2ot (B) -4 (26)

IV. CONCLUSION

Based on Jumarie’s modified R-L fractional calculus and a new multiplication, the fractional integral of fractional rational
functions is studied. We use the chain rule for fractional derivatives and the partial fraction method to calculate some
fractional integrals. In fact, these results are the generalizations of classical calculus results. In the future, we will also use
these methods to expand our research field to engineering mathematics and fractional differential equations.
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